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NOTE ON FLOER THEORY AND
INTEGRABLE HIERARCHIES
OLIVER FABERT
Abstract. In this short note we show how Dubrovin’s integrable hi-
erarchies, defined using the Gromov-Witten theory of a closed sym-
plectic manifold, generalizes to Hamiltonian Floer theory. In particu-
lar, we show how the required generalization of the PSS isomorphism,
relating Gromov-Witten theory and Hamiltonian Floer theory, can be
constructed in the framework of Eliashberg-Givental-Hofer’s symplectic
field theory
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Summary
The Floer theory of Hamiltonian symplectomorphisms is an important
tool in symplectic geometry. Floer cohomology was invented by A. Floer
to prove the Arnold conjecture about the number of symplectic fixed
points and since then was improved to answer many other questions in
symplectic geometry. Following M. Schwarz and P. Seidel ([?]), there
exists the so-called pair-of-pants product in Floer cohomology. Apart
from the Arnold conjecture for degenerate Hamiltonians, it is used in
proofs of the Conley conjecture and plays a crucial role in the definition of
symplectic quasimorphisms. While the pair-of-pants product involves the
Floer cohomology groups of different Hamiltonian symplectomorphisms,
it in particular defines a graded commutative and associative product on
the sum of the Floer cohomologies of all powers of a given Hamiltonian
symplectomorphism φ.
The applications of the pair-of-pants product build on its relation with
the small quantum product of the underlying symplectic manifold. Fol-
lowing Piunikhin-Salamon-Schwarz ([12]) there exists an ring isomorphism
between Floer cohomology with its pair-of-pants product and the small
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quantum cohomology ring. On the other hand, the small quantum product
only involves a very small part of rational Gromov-Witten theory, since
it just counts holomorphic spheres with three marked points. In order to
use the geometric information of all rational Gromov-Witten invariants,
it is known, see [9], that there also exists a big version of the quantum
cup product, which recovers the full rational Gromov-Witten potential.
Following B. Dubrovin, it is the main ingredient to equip the quantum
cohomology with the structure of a Frobenius manifold.
In [7], [8] we show how the big quantum product and the Frobenius mani-
fold structure translate to the Floer theory of a Hamiltonian symplectomor-
phism φ, extending the relation between the small quantum product and
the pair-of-pants product. On the other hand, Dubrovin has shown, see [2],
that one can assign an integrable hierarchy to each Frobenius manifold. In
this note we show how Dubrovin’s integrable hierarchy translates to Hamil-
tonian Floer theory and show how the required generalization of the PSS
isomorphism can be defined using the algebraic formalism of Eliashberg-
Givental-Hofer’s symplectic field theory.
1. Symplectic field theory of Hamiltonian mapping tori
The goal of this note is to show how to define Dubrovin’s integrable
hierarchy defined on the loop space of the small quantum cohomology ring
of a closed symplectic manifold generalizes to Hamiltonian Floer theory.
The resulting new algebraic structures will be defined in an extension of
Eliashberg-Givental-Hofer’s symplectic field theory for mapping tori.
For this we first quickly review the geometric setup for the symplectic
field theory of Hamiltonian mapping tori; for details we refer to [7]. We
start with the observation that (parametrized) one-periodic Hamiltonian
orbits x : S1 → M are in one-to-one correspondence with unparametrized
one-periodic orbits γ of the canonical vector field ∂t on the corresponding
mapping torus Mφ = R×M/{(t, p) ∼ (t+1, φ(x))} by setting γ : S
1 →Mφ,
γ(t) = (t, x) where x is viewed as the corresponding fixed point. Following
([3],example 1.2), see also [5], note that Mφ naturally carries a stable
Hamiltonian structure in the sense of [1] given by (ω˜ = ω, λ˜ = dt) with Reeb
vector field R˜ = ∂t. As described in [5], the stable Hamiltonian manifold
Mφ can be identified with S
1 ×M equipped with the H-dependent stable
Hamiltonian structure (ω˜H = ω + dHt ∧ dt, λ˜
H = dt) with Reeb vector field
R˜H = ∂t + X
H
t , where the underlying diffeomorphism between Mφ and
S1×M is given by the Hamiltonian flow, S1×M →Mφ, (t, p) 7→ (t, φ
t
H(p)).
While the closed orbits of period one are in bijection with the fixed points
x in P(φ), note that for general k ∈ N the fixed points in P(φk) are in k-to-
one-correspondence with closed orbits of period k when the underlying orbit
is simple. For this observe that for every fixed point x ∈ P(φk) the points
φ(x), . . . , φk−1(x) are also fixed points of φk. Note that the Conley-Zehnder
indices (mod 2) of φi(x) agree for all i = 0, . . . , k − 1 by symmetry reasons,
since the corresponding one-periodic orbits just differ by reparametrization
Floer theory and 3
and the spanning surface u for x naturally defines spanning surfaces for
all φi(x). On the other hand, x, φ(x), . . . , φk−1(x) all represent the same
unparametrized k-periodic Reeb orbit γ. Without further mentioning, we
will only consider closed Reeb orbits where the underlying parametrized
orbits in M are contractible. Then the Conley-Zehnder index of γ defined
in [4] agrees with the Conley-Zehnder index of x (we can use the same
spanning surfaces to define the index for γ). More precisely, there is indeed
a one-to-one correspondence between the k fixed points and the k special
points that we have chosen on γ above.
2. Floer theory and commuting Hamiltonian systems in SFT
It was shown by B. Dubrovin, see [2], that to every Frobenius man-
ifold Q one can assign an infinite-dimensional integrable system on the
loop space ΛQ of Q. By definition, it consists of an infinite sequence
of linearly independent commuting Hamiltonian functions which span
the space of symmetries of the first Hamiltonian, see [2] for the precise
definition. For this recall that in Gromov-Witten theory the integrable
system appears as flat coordinates for the deformed flat connection ∇˜
on the cotangent bundle to the Frobenius manifold Q times C∗ given by
the flat metric on Q, the big quantum product ⋆ and the Euler vector field E.
While we show in [8] that the big pair-of-pants product defines a (1,2)-
tensor field ⋆ ∈ T (1,2)QX on the differential graded manifold of contact
homology, it is not clear how to define the analogue of Dubrovin’s flat
connection as other structures such as the Euler vector field E ∈ T (1,0)Q
and the canonical flat structure do not descend to well-defined structures
on the differential graded manifold QX in general. As a consequence, the
classical approach to integrable systems does not generalize immediately
from Gromov-Witten theory to Floer theory. As a bypass we will use that,
as outlined by Y. Eliashberg in his ICM plenary talk [3], the integrable
system of the Gromov-Witten theory of (M,ω) naturally arises in the
rational symplectic field theory (SFT) of the mapping torus S1 ×M with
vanishing Hamiltonian, see the paper [11] of P. Rossi. Instead of trying to
generalize the classical approach starting from the cohomology F-manifold,
we will follow the latter approach as it leads in a much more natural way
to the desired generalization of the integrable systems.
Indeed, using symplectic field theory one gets an infinite system of
commuting Hamiltonians on the rational SFT of the mapping torus of
every symplectomorphisms on a closed symplectic manifold, which agrees
with the integrable system from Gromov-Witten theory in the case when
the symplectomorphism is the identity. We emphasize that this observation
was the starting point for our project of relating Floer theory, Frobenius
manifolds and integrable systems, and even guided us to our definition of
the big pair-of-pants product and its relation to cohomology F-manifolds.
While for the definition of the cohomology F-manifold we used the full
contact homology of mapping tori, the commuting Hamiltonian systems
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naturally live on their rational SFT homology, whose differential now
counts holomorphic curves with an arbitrary number of positive (and
negative) cylindrical ends and whose chain complex contains the full
contact homology complex as a subcomplex. The reason is that the rational
SFT homology naturally carries a Poisson bracket, which in turn leads to
the natural appearance of commuting Hamiltonian systems in SFT, see [3]
and [6]. Apart from the fact that we claim that the cohomology F-manifold
structure on contact homology indeed can be extended to rational SFT
after introducing additional marked points on the curves (in order to model
nodal breakings which now need to be included), the system of commuting
Hamiltonian functions on rational SFT still restricts to a system of commut-
ing vector fields on the differential graded manifold of full contact homology.
2.1. Commuting Hamiltonians on rational SFT homology. Fol-
lowing [4],[6] we start with reviewing the appearance of the commuting
Hamiltonian systems in the rational SFT.
Rational SFT is a generalization of contact (co)homology in the sense
that its definition involves moduli spaces of holomorphic maps with not just
arbitrary many negative ends, but also arbitrary many positive ends, see [4]
for details. For two ordered sets Γ+ = (γ+0 , . . . , γ
+
r+
) and Γ− = (γ−0 , . . . , γ
−
r−
)
of closed orbits γ±1 , . . . , γ
±
r±
the moduli spaceMr(Γ
+; Γ−) consists of equiv-
alence classes of tuples (u˜, (z+1 , . . . , z
+
r+
), (z−1 , . . . , z
−
r−
), (z1, . . . , zr)) with
equivalence relation given by the action of the automorphisms of the domain
and the R-action on the target, see [4] for details. Here (z+1 , . . . , z
+
r+
),
(z−1 , . . . , z
−
r−
) and (z1, . . . , zr) are disjoint collections of marked points on
S2 and u˜ = (h, u) is a J-holomorphic map from the punctured sphere
S˙ = S2\{z±1 , . . . , z
±
r±
} to R×Mφ ∼= S
1 ×M converging to the closed orbits
γ±i in the positive/negative cylindrical end near z
±
i , i = 1, . . . , r
±. In
particular, the induced map h : S˙ → R×S1 again defines a branched
covering from S2 to itself with branch points z±i of order k
±
i , i = 1, . . . , r
±
over ∞ and 0, respectively. Note that when Γ+ consists of a single orbit γ+
and there no additional marked points (r = 0), then we just get back the
moduli spaces of contact homology from before, Mγ
+
(Γ−) =M0(γ
+; Γ−).
As in Gromov-Witten theory we can use the additional marked points
z1, . . . , zr to define evaluation maps
ev = (ev1, . . . , evr) :Mr(Γ
+; Γ−)→M rφ
∼= (S1 ×M)r
given by
evi(u˜, (z
±
1 , . . . , z
±
r±
), (z1, . . . , zr)) 7→ u˜(zi) = (h(zi), u(zi)), i = 1, . . . , r,
which can be used to pullback differential forms from the target. Recalling
that the cohomology ring of the Hamiltonian mapping torus Mφ ∼= S
1 ×M
is given by
H∗(Mφ) = H
0(S1)⊗H∗(M) ⊕ H1(S1)⊗H∗−1(M),
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we now choose a string of differential forms θ1, . . . , θK on Mφ, where
we will assume that the forms represent a basis of the first summand,
θα ∈ H
0(S1)⊗H∗(M) ∼= H∗(M).
In contrast to the case of contact homology described before, we assign
to each closed orbit γ now two formal graded variables pγ and qγ with
|pγ | = |qγ | mod2. As in Gromov-Witten theory we further assign to
each cohomology class θα, α = 1, . . . ,K a formal graded variable τα with
|τα| = 2−deg θα mod2. They can again be viewed as coordinates of a super
space V, which contains the coordinate super space Q of contact homology
after setting p = 0 = t for p = (pγ), τ = (τα), but now carries a natural
symplectic super-form
∑
γ dpγ ∧ dqγ (in the formal sense). In particular,
the space of functions P = T (0,0) V now carries a (graded) Poisson bracket
{·, ·} : P⊗P→ P.
Using the moduli spaces defined above we can define the rational SFT
Hamiltonian h ∈ P = T (0,0) V of (rational) SFT as the sum over all Γ+,
Γ−, I, where the coefficient in front of the monomial τ IpΓ
+
qΓ
−
tω(A) with
pΓ
+
= pγ+
1
. . . pγ+
r+
, qΓ
−
= qγ−
1
. . . qγ−
r−
, τ I = τα1 . . . ταr is given by
1
r!r+!r−!
1
κΓ+κΓ−
∫
Mr(Γ+;Γ−;A)
ev∗1 θα1 ∧ . . . ∧ ev
∗
r θαr .
It was shown in [6] that for each differential form one can define
an infinite sequence of commuting Hamiltonians hα,j ∈ T
(0,0) V. Af-
ter introducing a special additional marked point z0, we use that
as well-known in Gromov-Witten theory there is a tautological line
bundle L over each moduli space Mr+1(Γ
+; Γ−), whose fibre over
(u˜, z0) = (h, u, (z
±
1 , . . . , z
±
r±
), (z0, z1, . . . , zr)) is given by the cotangent line
L(u˜,z0) = T
∗
z0
S˙, and which extends smoothly over the compactified moduli
space. Since the SFT moduli spaces have codimension-one boundary, as
discussed in subsection 2.3 it however does not make sense to integrate
powers of the Euler class (= first Chern class) over the moduli space. In-
stead we have introduced in [6] the notion of (generic) coherent collections
of (multi-valued) sections (s) in the tautological line bundles over all moduli
spaces, whose zero sets M1r+1(Γ
+,Γ−) = s−1(0) in all Mr+1(Γ
+; Γ−) can
be viewed as (Poincare dual) of a coherent Euler class involving all moduli
spaces at once, see [6] for details.
Choosing j generic coherent collections of sections (sj) and defining
Mjr+1(Γ
+,Γ−) = s−11 (0) ∩ . . . ∩ s
−1
j (0) ⊂Mr+1(Γ
+; Γ−),
we define the desired sequence of Hamiltonians hα,j ∈ T
(0,0) V again as
the sum over all Γ+, Γ−, I, where the coefficient in front of the monomial
τ IpΓ
+
qΓ
−
tω(A) is now given by
1
r!r+!r−!
1
κΓ+κΓ−
∫
M
j
r+1(Γ
+,Γ−,A)
ev∗0(θα ∧ dt) ∧ ev
∗
1 θα1 ∧ . . . ∧ ev
∗
r θαr ,
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with the canonical one-form dt ∈ H1(S1) = H1(S1) ⊗ H0(M) ⊂ H1(Mφ)
given by the S1-coordinate t on Mφ ∼= S
1 ×M .
It was shown in [4] that the rational SFT Hamiltonian h ∈ P satisfies
the master equation {h,h} = 0. Similar as in contact homology this is
equivalent to the fact that the symplectic gradient X = Xh ∈ T (1,0)V
of h with respect to the above formal symplectic super-form is an odd
homological vector field on V and hence again defines a differential graded
manifold VX = (V,X) with tensor fields T
(r,s)VX := H
∗(T (r,s)V,LX).
Furthermore, as in contact homology, for two different choices of auxiliary
data like almost complex structure and (domain-dependent) Hamiltonian
perturbations, the resulting differential graded manifolds (V+,X+) and
(V−,X−) are isomorphic. The following generalisation of this result for the
commuting Hamiltonians was shown in [6].
Theorem 2.1. Since {h,hα,j} = X(hα,j) = 0, the Hamiltonians hα,j de-
scend to a sequence of functions on the differential graded manifold given
by (V,X), which pairwise commute with respect to the Poisson bracket on
T (0,0)VX ,
{hα,j,hβ,k} = 0 ∈ T
(0,0)VX .
Furthermore they are independent under choices of auxiliary data like almost
complex structure and Hamiltonian perturbations in the sense that the under
the isomorphism of rational SFT established in [4] they get mapped to each
other,
T (0,0)V+
X+
∼=
→ T (0,0)V−
X−
, h+α,j 7→ h
−
α,j, α = 1, . . . ,K, j ∈ N .
2.2. Relation with Dubrovin’s integrable hierarchies. We now want
to discuss the relation of the commuting Hamiltonian systems of the SFT
of Mφ with the Floer theory of the underlying symplectomorphism φ as
well as with the (dispersionless) integrable hierarchies that Dubrovin-Zhang
assign to the Frobenius manifold of rational Gromov-Witten theory of the
underlying symplectic manifold in [2].
Note that in the case when the symplectomorphism φ is the identity, it
was already observed in [4] that the SFT of S1 ×M (more in general, of
every circle bundle S1 → V → (M,ω)) is determined by the Gromov-Witten
theory of the underlying symplectic manifold (M,ω). This in turn was used
in [3], see also [10], to prove that the commuting Hamiltonian system hα,j
for S1 × M indeed agrees with the integrable system obtained from the
Frobenius manifold determined by the Gromov-Witten potential of (M,ω).
In view of the fact that the Floer theory of a symplectomorphism φ
generalizes the Gromov-Witten theory of M in the same way as the SFT of
its mapping torus Mφ generalizes the SFT of S
1 ×M , we obtain following
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Floer generalization of this result.
With the above choice of differential forms θ1, . . . , θK and making use of
the canonical one-form dt ∈ H1(S1 ×M) as in the definition, every com-
muting Hamiltonian hα,j is counting Floer solution with additional marked
points. For the following statement we restrict to the case j = 0 as in [4],
the generalization to arbitrary j ∈ N is then obvious.
Proposition 2.2. The coefficient of the monomial τ IpΓ
+
qΓ
−
tω(A) in
hα,0 is given by the integral of the pullback ev
∗
0 θα ∧ ev
∗
1 θα1 ∧ . . . ∧
ev∗r θαr (no dt !) of forms over the moduli space of Floer solutions
(u, (z±1 , . . . , z
±
r±
), (z0, z1, . . . , zr)) with r additional marked points. More pre-
cisely, u : S˙ → M satisfies the Floer equation ∂¯J,H,h(u) = Λ
0,1(du +XHh2 ⊗
dh2), where the holomorphic map h = (h1, h2) : S˙ = S
2\{z±1 , . . . , z
±
r±
} →
R×S1 is now determined by the requirement h(z0) = (0, 0) ∈ R×S
1.
Instead of selecting three marked points as in the definition of the big
pair-of-pants product, we now use that integrating the pullback ev∗0 dt of the
canonical one-form on the mapping torus is equivalent to requiring that for
every element u = (u, (z±1 , . . . , z
±
r±
), (z0, . . . , zr)) the special marked point z0
(used to define ev0) gets mapped to a fixed point on S
1 under the induced
map h = π ◦ u : S˙ = S2\{z±1 , . . . , z
±
r±
} → R×S1. Note that when φ is the
identity map, then h∗0(R×Mφ) = S˙ ×M and u : S˙ → M is a holomorphic
sphere in M with additional marked points z±1 , . . . , z
±
r±
, z0, z1, . . . , zr.
On the other hand, it immediately follows from theorem 2.17 that for any
chosen Hamiltonian symplectomorphism the system of commuting Hamil-
tonians is naturally isomorphic to the system of commuting Hamiltonians
when the Hamiltonian is equal to zero. Since in the latter case it is shown
in [11] that the system of commuting Hamiltonians agrees with the disper-
sionless integrable hierarchy that Dubrovin-Zhang assign to the Frobenius
manifold of rational Gromov-Witten theory of the underlying symplectic
manifold in [2], we obtain the following immediate
Corollary 2.3. The isomorphism VX ∼= ΛQH
∗(M) maps the system of
commuting Hamiltonians hα,j ∈ T
(0,0) VX to the integrable system defined
by Dubrovin using the Frobenius manifold structure on QH∗(M) given by all
rational Gromov-Witten invariants of the underlying symplectic manifold.
We end this section with a short discussion about how the commuting
Hamiltonians on rational SFT help us to find a substitute for the rational
Gromov-Witten potential in the Floer theory of a Hamiltonian symplecto-
morphism.
For this let F ∈ T (0,0) V be the generating function, whose coefficient in
front of the monomial τ IpΓ
+
qΓ
−
tω(A) is given by the integral of the pullback
ev∗1 θα1 ∧ . . . ∧ ev
∗
r θαr of forms over the moduli space of Floer solutions
(u, (z±1 , . . . , z
±
r±
), (z0, z1, . . . , zr)) determined by Γ
+ and Γ−. While we claim
that F does not lie in the kernel of the symplectic vector field X ∈ T (1,0)V
of rational SFT, we claim that the above generating function agrees with
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the first descendant Hamiltonian h0,1 for the canonical zero-form up to a
natural weighting factor in front of its summands.
Indeed, since by the above theorem h0,1 counts holomorphic sections with
one additional marked point carrying one psi class, it follows from (an ana-
logue of) the dilaton equation that the coefficient of h0,1 in front of each
monomial agrees with the coefficient of F multiplied with the Euler charac-
teristic of the underlying punctured sphere. While h0,1 and F hence carry
the same geometrical information (since the Euler characteristic is nonzero
for spheres with three or more marked points), the first descendant Hamil-
tonian h0,1 (in contrast to F ) indeed defines an invariant of the symplecto-
morphism φ.
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